Abstract We present a seismological method to probe the solar atmosphere above sunspot umbrae with three-minute oscillations. Our technique allows us to estimate both the vertical distance between atmospheric layers and the wavepropagation speed without specifying any extra parameters, in particular, the phase speed of the wave or the emission formation heights. Our method uses the projected wave paths of slow MHD waves propagating through the atmospheric layers of different heights and guided by the magnetic field. The length of the projected wave path depends upon the distance between the layers and the inclination angle of the magnetic field with respect to the line of sight, allowing us to estimate the distance between the layers from measured projected wave paths and the local magnetic-field vector. In turn, the wave-propagation delay registered at different heights allows for the calculation of the phase speed. We estimated the vertical distance between the emission layers at the temperature minimum (1600Å) and transition region (304Å), as well as the average phase speed above the sunspot umbrae, for three active regions. We found that the distance between the 1600Å emission layer and the transition region above the sunspot umbrae lies in the range of 500 -800 km. The average phase speed between these layers was found to be about 30 km s −1 giving the sound speed of 6 km s −1 . The temperature between the layers has been roughly estimated as 3000 K and corresponds to the region of the temperature minimum. The results obtained are consistent with the semiempirical model of the sunspot umbrae atmosphere by Fontenla et al. (2009) .
Introduction
Investigation of waves and oscillations in the solar atmosphere is a very important part of solar physics. Oscillations are natural probes carrying information about the medium where they propagate. Therefore oscillations and waves can be used to measure parameters of the plasma in the solar atmosphere (Zhugzhda, Locans, and Staude, 1983; De Moortel and Nakariakov, 2012) . This is the subject of coronal seismology, which is a new branch of solar physics.
Oscillations in the sunspot atmosphere were discovered in optical observations more than 40 years ago (Beckers and Tallant, 1969; Giovanelli, 1972) . Since that time, they have been intensively investigated by many researchers. Detailed information on this topic can be found in numerous reviews (e.g. Lites, 1992; Bogdan, 2000; Bogdan and Judge, 2006; Thomas and Weiss, 2008; Sych, 2015 Sych, , 2016 .
The great interest in sunspot oscillations is connected with the opportunity of applying them as seismological diagnostics of the solar atmosphere above sunspots. In particular, observations of the acoustic cut-off frequency allow one to estimate the inclination of the magnetic-field. Yuan et al. (2014) used observations of the acoustic cut-off frequency at several levels of the sunspot atmosphere to estimate magnetic field inclination angles. Cho et al. (2017) used the three-minute oscillations for the estimation of the Alfvén speed, parameter β, and mass density within the umbra.
Additional information can be obtained from observations of sunspot oscillations simultaneously at several heights in the solar atmosphere. Multilevel observations aimed at measuring phase delays started in the 1970 (Giovanelli, Harvey, and Livingston, 1978; Uexküll, Kneer, and Mattig, 1983; Lites and Thomas, 1985) . It was found that the three-minute oscillations are upward-propagating slow magneto-acoustic waves. This finding is consistent with theoretical modelling of this phenomenon (e.g. Botha et al., 2011; Sych et al., 2012; Chae and Goode, 2015; Snow, Botha, and Régnier, 2015) .
New observational capabilities reinforced the interest in the three-minute oscillations, leading to a number of studies dedicated to measuring and interpreting delays between oscillations observed at the different levels of the sunspot atmosphere. Measurement of the delays together with the information about the emission formation heights enables the estimation of the wave-propagation phase speed. Kobanov et al. (2013) measured the phase delays of the three-minure oscillations observed in different spectral lines. They found that the observed delays correspond to a propagation speed that is significantly higher than the expected sound speed in the corresponding atmospheric layers. Reznikova et al. (2012) measured the phase delays between the layers visible in different extreme ultraviolet (EUV) channels of the Atmospheric Imaging Assembly (AIA) onboard the Solar Dynamics Observatory (SDO). The measured delay between the signals in the 1600Å and 304Å channels gave a phase speed speed about 70 km s −1 , which is higher than the expected sound speed in the chromosphere (10 -30 km s −1 ). The delay between the 304Å and 171Å signals corresponds to a speed of 83 km s −1 . Reznikova et al. (2012) argue that this value is realistic for the sound speed, because it corresponds to a temperature of 2 × 10 5 K, which is very close to the expected temperature of the oscillating layers.
The partial inconsistency of the measured speed of the slow magnetoacoustic waves and the expected sound speed in the sunspot atmosphere may be due to the difference between the real emission formation heights and the heights given by the model of the atmosphere. For example, Kobanov et al. (2013) pointed out that the interpretation of the measured delays swap on the spectral-lines' formation heights given by the models of the solar atmosphere. It is important that these heights are different in different models. We should also note that at the level of the temperature minimum and lower chromosphere, the main oscillation period (three minutes) is of the same order of magnitude as the acoustic cut-off frequency. Hence, the phase speed of the slow waves in those layers can be significantly higher than the sound speed, due to the dispersion caused by the density stratification. Deres and Anfinogentov (2015) assumed that the wave-propagation speed is known and is equal to the local sound speed. This assumption is applicable to an acoustic wave in the upper chromosphere and the corona, where the acoustic cutoff frequency is lower than the oscillation frequency. Therefore, relative heights of the emission layers can be calculated from the measured delays. For the active regions investigated, the distance between the temperature minimum (1600Å) and the transition region (304Å) was found to be less than 1 Mm. We compared the values obtained with two different empirical models of the sunspot umbra atmosphere. The first one is the model of Maltby et al. (1986) that is widely used. The second one is a recent model developed by Fontenla et al. (2009) .
The above models give very different temperature dependences upon the height. The modern model has a sharp temperature increase at a height about 1000 km above the photosphere, where the temperature rises from about 4000 K up to the coronal values. In fact, this model does not have an extended chromosphere at all. On the other hand, the model of Maltby et al. (1986) has a pronounced 1000 km wide chromospheric plateau, where the temperature changes relatively slowly. The wave-propagation delays measured by Deres and Anfinogentov (2015) support the modern model of Fontenla et al. (2009) .
The aim of this work is to measure both the distance and average phase speed between different atmospheric layers from the observational data only, without making any assumptions about the phase speed and spectral-line formation heights. Consideration of the 3D geometry of the propagating wave is needed for this purpose. This knowledge allows us to measure the distance between the locations where the wave passes through different atmospheric layers. These measurements are combined with the magnetic-field vector extrapolated from the photospheric observations, giving us the estimate of the distance between the layers. The phase speed is then calculated from the estimated distance and measured phase delay.
In our analysis, we assume that the three-minute oscillations propagate along the magnetic-field lines, because they are known to be slow magnetoacoustic waves, and the magnetic effects (Afanasyev and Nakariakov, 2015) are neglected, as the plasma-β in sunspots is low. Another assumption is that the layers where the 304Å and 1600Å emission is formed are thin in comparison with the wave length of the propagating wave.
The seismological inversion method allowing for estimation of the average phase speed and distance between two atmospheric layers is described in Section 2. In Section 3, the method is illustrated with the analysis of the threeminute oscillations observed with SDO/AIA at 1600Å and 304Å wavelengths in three active regions. The conclusion is given in Section 4.
Description of the Method
The proposed method uses imaging observations of an upward-travelling slow magnetoacoustic wave at two different levels, which allows us to estimate the average wave-propagation phase speed and distance between these levels. As an input, our algorithm needs two image sequences of the sunspot taken at different heights and the map of the magnetic-field vector at the height roughly corresponding to the lowest height. The latter can be either a photospheric vector magnetogram, or results of the field extrapolation from a photospheric line of sight (LOS) magnetogram.
In a general case, a wave propagates along the magnetic field obliquely to the LOS (e.g. Cho et al. (2015) ). Therefore, it appears at different wavelengths in different positions in the plane of the sky. The distance between these positions is the projection of the wave path onto the plane of sky and can be measured together with the propagation time. In combination with the knowledge of the wave-propagation direction, the phase delay and the wave path projection allow us to calculate the distance between the line formation layers and the average phase speed as well. These quantities can be measured for all pixels for further estimation of average values and uncertainties.
Measuring Delays and Wave Path Projections
Wave phase delays and wave path projections are measured independently for every pixel at the lower emission level. First, we fix one starting pixel at the lower layer (see Figure 1 ) and compute the cross-correlation function of the signals at the selected pixel at the lower level and the neighbouring pixels at the upper level. Thus, we get a phase delay and a correlation coefficient for every pair of pixels. Then, we find the position at the upper layer where the cross-correlation coefficient reaches its maximum. To estimate the maximum position with the subpixel accuracy, cubic interpolation is used. The straight line connecting the selected pixel centre at the lower layer and the position of the correlation coefficient maximum at the upper layer gives us the wave path in the 3D space. Since the distance between the layers is unknown at this stage, we can measure only the projection of the wave path onto the plane of the sky.
Repeating this procedure for all pixels at the lower layer, we obtain maps of the following parameters: components of the wave path projected onto the picture plane ∆ x and ∆ y , phase delay [τ ], and the cross-correlation coefficient between the signals at the lower and upper layers. For the subsequent analysis, we select only the pixels where the cross-correlation coefficient is greater than 0.6. Figure 2 provides an example of wave-path projection maps [∆ x and ∆ y ] calculated from the observations of the three-minute oscillation at 1600Å and 304Å wavelengths (see Section 3). The dark-bright gradient that is well seen in both of the panels in Figure 2 indicates that the wave is expanding with height.
Estimating the Distance between Emission Layers and the Phase Speed
The projected wave paths and the phase delays depend on the magnetic-field geometry and the distance between the layers, visible at different wavelengths.
In the sunspot atmosphere the magnetic field is expanding with height. Thus, the upward-propagating wave front also should expand, following the hosting magnetic flux tube. The projection of the wave path onto the picture plane ∆ = ∆ 2 x + ∆ 2 y depends on the angle φ z between the wave-propagation direction and the LOS (z axis):
where l is the length of the actual wave path between these two layers.
Since the three-minute oscillations are slow magnetoacoustic waves, they are guided by the magnetic field. Therefore, the angle α could be derived from the magnetic-field [B] extrapolated from the photospheric measurements to the height of the lower layer (h 1 = 500 km was used):
where B z is the LOS component of the magnetic-field [B] , and B is its absolute value.
In the areas where the magnetic-field vector is parallel to the LOS (α = 0), the wave path projection onto the plane of the sky ∆ also must be equal to 0. The left panel of Figure 3 shows an example of the dependence of the ∆ x wave path component on B x /B measured from the observations of the three-minute oscillation at the temperature minimum and transition region (see Section 3). B x /B is the cosine of the angle φ x between the magnetic-field vector [B] and x axis. One can see that the wave path component ∆ x is not equal to 0 when cos(φ x ) = 0. This is an observational bias caused by non-ideal co-alignment of the images taken in different SDO/AIA channels. This observational bias should be subtracted from the measured wave path components before further calculations. The value of the bias is derived using a linear least absolute deviation fit (LADFIT routine from the standard IDL library). The fitting result is indicated by the straight blue line in Fig. 3 . The right panel of Figure 1 shows the corrected data with the subtracted bias.
The measured displacements [∆ x , ∆ y ] and wave-propagation time [τ ] allow us to calculate the wave-propagation distance
and the phase speed 
In this way, the phase speed and distance between the emission layers are calculated for each pixel. The average value of these quantities and the confidence intervals are than calculated by fitting a Gaussian function to the histograms of the measured parameters (e.g. Figure 4 ). The average values are estimated as maxima of the Gaussian functions fitted to the histograms, while the width of the Gaussian gives us the confidence intervals.
Estimation of the Sound Speed
Let us use the dispersion equation for magneto-acoustic-gravity waves in the low β assumption to estimate the sound speed from the measured parameters:
where ω 0 is the acoustic cut-off frequency 
Substituting Equation 8 in Equation 9
, we get an equation for the sound speed [c s ] with two positive solutions:
The method developed allows us to measure only the average phase speed. Therefore the sound speed estimated by Equation 10 is an average measure and should be interpreted with caution. Moreover, it is an estimation of the sound speed in the region with the lowest phase speed. According to Equation 9, we expect this condition to be satisfied in the lower chromosphere where the acoustic cut-off frequency [ω 0 ] became significantly different from the frequency of the three-minute oscillations ω ω 0 , while the sound speed is still low. Using α = 0 (vertical propagation), the typical oscillation frequency ω = 2π 180s , and the average value of the measured phase speed v p = 30 km s −1 (see Table  1) , we obtain two possible estimations for the sound speed: 29.2 km s −1 ("+" in Equation 10) and 6.7 km s −1 ("−" in Equation 10). The "−" solution (c s = 6.7 km s −1 ) corresponds to the case of ω ω 0 and gives us a temperature about 4000 K (assuming weakly ionised plasma with the average particle weight of µ = 1.27m H and γ = 5/3). This temperature corresponds to the temperature minimum, which is a rather broad layer in the sunspot umbrae atmosphere (see Figure 8 ) and can be seen in the 1600Å SDO/AIA channel. In the temperature minimum, the three-minutes oscillations are highly dispersive and have a phase speed essentially higher (up to infinity) than the local sound speed. The "+" solution for the sound speed in Equation 10 gives us a value of c s ≈ 30 km s −1 that corresponds to the temperature of about 40,000 K (assuming highly ionised plasma with particle weight of µ = 0.62 m H and γ = 5/3). This temperature can be associated with the transition region between the chromosphere and the corona. Due to the high temperature and narrowness of this layer, it cannot make a significant contribution to the measured phase shift of the three-minute oscillations. Therefore, this solution is not realistic and, in the subsequent analysis, we calculate only the "−" value given by Equation 10.
Application to SDO/AIA Observations
For the illustration of the technique developed, we selected three active regions: NOAA 11131 (8 December 2010 from 05 00 until 15 00 UT), NOAA 11582 (2 October 2012, 05 00 until 15 00 UT), and NOAA 11711 (6 April 2013 from 05 00 until 15 00 UT). Every selected active region contains a large sunspot. The observation times were selected near the sunspot passage through the central meridian. For each active region, we used ten hours of SDO/AIA observations at the wavelengths of 1600Å and 304Å (see Figure 5) . We used the highest available cadence of 12 seconds for the EUV channel and 24 seconds for the UV channel. Cropped and derotated images were downloaded from the SDO data processing centre web-page jsoc.stanford.edu.
Normally, SDO/AIA observations are evenly spaced in time. However, gaps in the image sequence are possible. Furthermore, the cadence and image registration times are different for the selected SDO/AIA channels. Therefore, we interpolated observational data obtained in both 1600 and 304Å channels to the same instant of time with the constant cadence of 12 seconds. The oscillatory component with the periods ranging from two to four minutes was extracted from the original signal with the use of Fourier bandpass filtering with a smoothed rectangular window. The intensity variations in the 1600 and 304Å For each active region we downloaded a vector magnetogram observed with the Heliospheric Magnetic Imager (SDO/HMI) at the time corresponding to the first EUV image in a data set. The magnetic field was extrapolated to the height of 500 km using the non-linear force free field extrapolation code developed by Rudenko and Myshyakov (2009) .
We analysed the observational data using the method described in Section 2. For each active region we obtained the spatial distribution of the distance between the layers and the phase speed. An example is given in Figure 7 , where the resulting maps of the measured correlation coefficient, phase delay, estimated distance between the layers and the phase seed for the active region NOAA 11131 are shown. Note that the spatial distribution of the phase delay is not completely uniform and resembles the distribution of the inferred distance between the layers, despite the both quantities are estimated independently. This similarity is expected because the wave needs more time to cover a longer distance, assuming the average propagation speed to be the same.
The average distance between the temperature minimum (1600Å) and the transition region (304Å), phase delay and phase speed in active regions NOAA 11131, 11582, and 11711 are presented in Table 1 11131 572 ± 176 20 ± 4 31 ± 7 6 ± 1.0 3300 ± 1000 11582 749 ± 243 25 ± 10 30 ± 10 5 ± 0.7 2300 ± 700 11711 670 ± 320 24 ± 6 29 ± 9 6 ± 0.3 3300 ± 300
We found that the distance between the temperature minimum (1600Å) and the transition region (304Å) lies in the range of 500 -800 km for the sunspot umbrae. The estimated phase speed was found to be about 30 km s −1 .
Results and Conclusion
We present a new seismological method allowing for the estimation of the vertical distance, average phase, sound speeds, and temperature between two levels of the sunspot atmosphere observed at different wavelengths. The average temperature Figure 8 . Comparison of the seismological estimation of the distance between the layers corresponding to the 1600Å and 304Å SDO/AIA channels with three models of the sunspot umbrae atmosphere (Fontenla et al., 2009; Maltby et al., 1986; Lites and Thomas, 1985) . The 304Å layer (vertical-green line) was put either at the height where the temperature reaches 50,000 K in the model or at the top of the model. While the height of the 1600Å layer (vertical-red line) is determined by the distance between the layers inferred for the active region NOAA 11131 (see Table 1 ). The horizontal-blue line shows our seismological estimation of the phase speed, sound speed and the temperature is estimated from the average sound speed assuming weakly ionised atmosphere (µ = 1.26 m h ) and γ = 5/3. The method uses the three-minute oscillations as a probe travelling along the magnetic-field lines from the lower levels of the solar atmosphere upwards to the corona. It utilises the assumption that the waves are freely propagating, i.e. the effects connected with the possible partial reflection and transverse structuring were neglected. The proposed algorithm uses image sequences corresponding to two different levels of the sunspot atmosphere and the photospheric magneticfield measurements as an input. It does not rely on any assumption about the speed of the wave propagation or spectral-line formation heights.
We applied the designed technique to analysing UV and EUV observations of three active regions [NOAA 11131, 11582, and 1711] and estimated the average sound speed, temperature, and the distance between the temperature minimum (1600Å) and transition region (304Å) above the sunspot umbrae. The estimated distance between temperature minimum and transition region lies in the range of 500 -800 km. The inferred temperatures lie in the range of 2300 -4300 K (see Table 1 ) and roughly correspond to the temperature minimum in the sunspot umbrae.
We compared our measurements with three models of sunspot umbrae atmosphere (Fontenla et al., 2009; Maltby et al., 1986; Lites and Thomas, 1985) . Figure 8 shows the dependence of the temperature, sound speed and the phase speed of the three-minute. MAG waves upon the height, over-plotted with the inferred positions of the layers visible in 1600Å and 304Å channels, and average values of the temperature, sound speed, and phase speed between them. Figure 8 clearly demonstrates that our results agree with the most recent and advanced semiempirical model of the sunspot umbrae atmosphere (Fontenla et al., 2009, model S) , which implies a sharp increase in the temperature at the height of about 1000 km above the photosphere from around 3500 K up to the coronal values. Two other models (Maltby et al., 1986; Lites and Thomas, 1985) are not consistent with our measurements because they predict the existence of a 1000 km wide chromosphere between the temperature minimum and the transition region, which is confirmed by neither distance nor temperature estimations.
